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Abstract
Polarization of light beams is one of the most important physical phenomena. But up till now it
was only described in the paraxial approximation in which it is considered to be a single degree of
freedom that is characterized by the local Stokes parameters over the transverse plane. Based on
such a description, vector vortex beams are considered to be entangled in polarization and spatial
mode. Here we show that there is not any entanglement in a large class of representative vector
vortex beams, including the well-known cylindrical-vector beams. This is achieved by developing
an approach to exactly characterize the polarization of a general beam. It is found that the
Stokes parameters, when generalized rigorously to a general beam in momentum space, are physical
quantities with respect to a natural coordinate system. The so-called Stratton vector determining
the natural coordinate system fixes a natural representation for the polarization in which the Pauli
matrices represent the intrinsic degree of freedom of the polarization with respect to the natural
coordinate system. As a result, the Stratton vector itself shows up as another degree of freedom of
the polarization. From this point of view, the light beams specified by a Stratton vector parallel
to the propagation axis as well as by the eigenvalues of the Pauli matrix σˆ1 are precisely vector
vortex beams. They are not endowed with any entanglement.
∗ cfli@shu.edu.cn
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I. INTRODUCTION
Vector vortex beams refer to light beams the direction of whose electric or magnetic field
varies over the transverse profile. Of these, cylindrical-vector beams [1, 2] have rotation-
ally invariant electric or magnetic fields. Such a beam is considered to be non-separable
or entangled in polarization and spatial mode, classically [3–6] or quantum-mechanically
[7]. For example, a cylindrical-vector beam is viewed as a superposition of two different,
orthogonally polarized spatial modes [2–9]. The problem is that this conclusion is drawn on
the basis of a paraxially approximate description of the vector vortex beams in which the
axial component of the electric or magnetic field [1] is ignored. The notion of polarization
in such a description is postulated to be a single degree of freedom [9–16]. The local Stokes
parameters [17–19] in the transverse plane are taken as the physical observables [20, 21] to
characterize the polarization state of paraxial beams.
First of all, what bears the name of polarization in a light beam is the direction of
the intact electric or magnetic field [22] rather than the direction of their approximations.
Secondly, the Stokes parameters can only be strictly defined for the polarization of a plane
wave [23]. Different from a vector vortex beam, a plane wave has no axial component. Even
more noteworthy is that the Pauli matrices that express [24] the Stokes parameters of a plane
wave do not act on the electric field. Instead, they act in the Hilbert space of two-element
Jones vectors [25]. Therefore, the Jones vector of a plane wave should be distinguished from
its electric field though the two elements of the Jones vector result from the projection of the
electric field onto the polarization bases. According to Jauch and Rohrlich [23], the Jones
vector of a plane wave is some kind of spinor. Hereafter we will call it the Jones spinor.
Unfortunately, this spinor has not received the attention it deserves. Its physical meaning
remains unclear. Consequently, the Stokes parameters it gives through the Pauli matrices
are simply depicted on the surface of the Poincare´ sphere [20–24]. This naturally raises
the question of whether the paraxially approximate description of vector vortex beams can
properly convey their polarization states.
To address this issue, one has to know how to exactly characterize the polarization state of
a general beam. As mentioned above, the Stokes parameters can only be strictly defined for
plane waves. If they were able to exactly characterize the polarization of a plane wave as is
commonly assumed [21, 26, 27], it would be straightforward to get an exact characterization
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of the polarization of a general beam by generalizing the Stokes parameters in momentum
space on the basis of the Fourier transformation. The fact that no such approach exists [17]
in the literature implies that there should be something wrong with that assumption. We
will show in this paper that the root of the problem really lies with the peculiarity of the
above-mentioned Jones spinor.
It is revealed that the generalized Stokes parameters are quantities with respect to some
natural coordinate system (NCS) rather than with respect to the laboratory coordinate
system (LCS). As a result, the Stokes parameters at each point in momentum space depend
on the choice of the NCS. The situation encountered here is similar to that encountered in
Einstein’s special theory of relativity [28] in which the physical quantities of a particle such
as the momentum and energy depend on the choice of inertial reference frame. By this it
is meant that the momentum-space Jones spinor that gives the Stokes parameters through
the Pauli matrices is defined over the NCS. In order to completely determine the Jones
spinor and hence the Stokes parameters, one needs to figure out a way to specify the NCS
at every momentum. To be honest, this is not the only case that requires specifying such a
NCS. One also needs to do so in representing a light beam with a Fourier integral. Stratton
[29] seemed to be first to deal with this problem by introducing a constant real unit vector.
The same technique was later used independently by others [30–32]. It is expounded that
so introduced unit vector, called the Stratton vector (SV), just reflects what is needed to
exactly characterize the polarization of a general beam. Contrary to the above-mentioned
postulation, the polarization actually involves two different kinds of degrees of freedom. One
is represented by the Pauli matrices with respect to the NCS. The other is the SV that plays
the role of specifying the NCS. When viewed in terms of these two degrees of freedom, the
polarization of the vector vortex beams is not entangled with any other degrees of freedom.
II. STOKES PARAMETERS IN MOMENTUM SPACE: INTRODUCTION OF SV
Without loss of generality, we consider a general monochromatic beam propagating along
the z axis in free space. Its complex-valued electric field, when expressed as E(x) exp(−iωt),
can be expanded in terms of the plane-wave modes in the following way,
E(x) =
1
2π
∫ k
0
kρdkρ
∫
2pi
0
dϕe(k) exp(ik · x), (1)
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where ω = ck, c is the speed of light in free space, k = |k|, e(k) is the electric field in
momentum space, kρ is the radial component of the wavevector k in cylindrical coordinates,
and ϕ is the azimuthal angle. As is well known, the electric field e in momentum space
satisfies
k · e(k) = 0, (2)
by virtue of the Maxwell equation
∇ · E = 0. (3)
To separate out the polarization from the intensity [20–24], we split the strength factor off
from the momentum-space electric field by writing
e(k) = e(k)a(k), (4)
where the strength factor e(k) satisfies |e(k)| = |e(k)|. The separated unit-vector function
a(k), known as the polarization vector [33, 34], represents the state of polarization. What
is noteworthy is that it is not independent of the momentum. It is constrained by the
transversality condition
k · a(k) = 0, (5)
in accordance with Eq. (2). The polarization vector a in momentum space should not be
confused with the electric-field vector (1) in position space. It is of course true that the
vectorial property of a determines the vectorial property of E in the sense that if a were
not a vectorial function, E would not be a vectorial function, either. Nevertheless, the
distribution of E in position space depends not only on the polarization vector a but also
on the strength factor e.
Equation (5) means that at each point k in momentum space there exists such a pair of
mutually-perpendicular unit vectors, u and v, that form, with k, a NCS, satisfying
u · v = 0, u× v = k
k
. (6)
One can choose them as the polarization bases to expand the polarization vector a at that
momentum as a = α1u + α2v. The two expansion coefficients make up the Jones spinor
α =
( α1
α2
)
at the associated momentum, which is normalized as α†α = 1. Introducing the
matrix
̟ ≡ ( u v ), (7)
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which contains the polarization bases as the column vectors, one can express the polarization
vector simply in terms of the Jones spinor as
a = ̟α. (8)
Matrix (7) has the property
̟†̟ = I2 (9)
by virtue of Eqs. (6), where the superscript † stands for the complex transpose and I2 is
the 2-by-2 unit matrix. Multiplying Eq. (8) by ̟† on the left and making use of Eq. (9),
one is able to write the Jones spinor in terms of the polarization vector as
α = ̟†a. (10)
With the Jones spinor (10), it is straightforward to follow the procedure that is used for
plane waves to define the Stokes parameters for the polarization state a as follows,
si = α
†σˆiα, i = 1, 2, 3, (11)
where σˆi are the Pauli matrices [20, 24]
σˆ1 =
(
1 0
0 −1
)
, σˆ2 =
(
0 1
1 0
)
, σˆ3 =
(
0 −i
i 0
)
. (12)
Generally speaking, the Jones spinor (10) and hence the Stokes parameters (11) are functions
of the momentum.
However, the Stokes parameters so far have not yet been completely determined. As is
known, for a monochromatic plane wave propagating along the z axis, it is always possible
to choose the unit vectors along the x and y axes of the LCS as the polarization bases. But
for the general beam (1), the polarization bases u and v at different momenta can not be
the same. Particularly noteworthy is the fact that they are arbitrary to the extent that a
rotation about the associated momentum k can be performed. To completely determine the
momentum-space Stokes parameters through Eqs. (11) and (10), one has to figure out a
way to determine the polarization bases, or the transverse axes of the NCS uvw, at different
momenta. Fortunately, it was first shown by Stratton [29] and later by others [30–32] that
this may be done consistently by introducing a constant real unit vector I in the following
way,
u = v× k
k
, v =
k× I
|k× I| . (13)
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So introduced unit vector is what we call the SV. Indeed, it is easy to check that the unit
vectors u and v determined through these two equations by any SV satisfy Eq. (6). One
might object to such a seemingly artificial definition, especially after noticing that so defined
polarization bases are indeterminate at the momentum that is parallel to I. Nevertheless, as
we will see in Section V, it is this indeterminacy that underlies the so-called “polarization
singularity” [7, 9, 35] in cylindrical-vector beams.
From Eqs. (13) it follows that the Jones spinor of a polarization state given by Eqs. (10)
and (7) is always associated with some SV. As a result, the Stokes parameters (11) it gives
through the Pauli matrices (12) are also associated with that SV. We are thus faced with
the problems as to whether and how the SV-associated Stokes parameters can characterize
the polarization state of the general beam (1).
III. POLARIZATION WAVEFUNCTION IN NATURAL REPRESENTATION
A. Transformation of Jones spinor under change of SV
To deal with these problems, let us first look at how the Jones spinor of a polarization
state depends on the choice of the SV. Consider a different SV, say I′. In this case, the
transverse axes at momentum k take the form
u′ = v′ × k
k
, v′ =
k× I′
|k× I′| .
According to Eq. (10), the Jones spinor of the same polarization state a in association with
the primed SV reads
α′ = ̟′†a, (14)
where ̟′ = ( u′ v′ ). As mentioned before, the primed transverse axes u′ and v′ are related
to the unprimed ones u and v by a rotation about the associated momentum k. Denoted
by Φ, the rotation angle obeys
u′ = u cosΦ + v sin Φ, (15a)
v′ = −u sin Φ + v cosΦ. (15b)
These two equations can be combined into one single equation of the following form,
̟′ = exp[−i(Σˆ ·w)Φ]̟, (16)
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where
Σˆx =
( 0 0 0
0 0 −i
0 i 0
)
, Σˆy =
( 0 0 i
0 0 0
−i 0 0
)
, Σˆz =
( 0 −i 0
i 0 0
0 0 0
)
are the generators of SO(3) rotation about the respective coordinate axes of the LCS and
w = k
k
is the unit wavevector. Substituting Eqs. (16) and (8) into Eq. (14), one has
α′ = exp (iσˆ3Φ)α, (17)
where the relation
σˆ3 = ̟
†(Σˆ ·w)̟, (18)
which holds irrespective of the SV in ̟, has been used. Equation (17) is the transformation
of the Jones spinor under the change of the SV.
It is noted that Eq. (18) reflects the correspondence between the SO(3) and SU(2)
rotations [36]. In fact, a comparison of Eq. (17) with Eq. (14) reveals
̟′†a = exp(iσˆ3Φ)̟†a
when Eq. (10) is taken into account. Considering the arbitrariness of the polarization vector
a, one must have ̟′† = exp(iσˆ3Φ)̟† or, equivalently,
̟′ = ̟ exp(−iσˆ3Φ). (19)
A comparison of it with Eq. (16) shows that the SO(3) rotation of the transverse axes about
the momentum corresponding to the change of the SV can also be expressed by a SU(2)
rotation. More interestingly, the generator of the SU(2) rotation about the momentum does
not depend on the momentum. Instead, it is the constant Pauli matrix σˆ3. This in turn
means that transformation (17) is in fact a SU(2) rotation of the Jones spinor about the
momentum. According to Eqs. (13), the rotation angle Φ determined by Eq. (16) or (19)
depends not only on the SV’s I′ and I but also on the unit wavevector w unless I′ = −I. In
that case, one has Φ = π.
As emphasized before, the polarization vector always depends on the momentum due to
the constraint of transversality condition (5). But since the polarization bases in matrix (7)
have already satisfied Eq. (5), the Jones spinor (10) is no longer subject to such conditions.
That is to say, the Jones spinor can in principle be a constant function. This is one property
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that distinguishes the Jones spinor from the polarization vector. However, it can be seen
from Eq. (17) that even if the unprimed Jones spinor of a polarization state is constant, its
primed one is not. Let us analyze what this SU(2) rotation means to the Jones spinor.
B. Jones spinor is defined over NCS
To this end, we resort to the Stokes parameters in association with the primed SV, which
are given by
s′i = α
′†σˆiα′, (20)
in accordance with Eq. (11). Upon substituting Eq. (17) and using Eq. (11), one gets
s′1 = s1 cos 2Φ + s2 sin 2Φ, (21a)
s′2 = −s1 sin 2Φ + s2 cos 2Φ, (21b)
s′3 = s3. (21c)
These are the transformations of the Stokes parameters under the change of the SV. Due
to correspondence (18), only the first two Stokes parameters change with the SV. The third
one does not. It is noted that when I′ = −I, that is to say, when Φ = π, one has s′i = si.
The Stokes parameters in the case of a plane wave form the Stokes vector [20–24], which
is usually depicted on the surface of the Poincare´ sphere. But because transformations (21)
result from a rotation of the NCS about the momentum, the third Stokes parameter that
is invariant under such a rotation should be the component of the Stokes vector along the
momentum. Accordingly, the first two Stokes parameters in association with one SV should
be the components of the Stokes vector along the transverse axes of the corresponding NCS.
Specifically, the unprimed Stokes parameters (11) form the following Stokes vector,
s = s1u+ s2v + s3w, (22)
which as a whole is associated with the unprimed SV. Letting
σˆ = σˆ1u+ σˆ2v + σˆ3w, (23)
one can rewrite Eq. (22) as
s = α†σˆα. (24)
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It states that the Jones spinor (10) in association with one particular SV via Eqs. (7) and
(13) is defined over the NCS that is determined by that same SV. This is another property
that distinguishes the Jones spinor from the polarization vector, which is defined over the
LCS.
To demonstrate this in detail, we make use of the primed Stokes vector given by
s′ = α′†σˆ′α′ = s′1u
′ + s′2v
′ + s′3w, (25)
where σˆ′ = σˆ1u′ + σˆ2v′ + σˆ3w. With the help of Eqs. (21) and (15), one readily finds that
it is related to the unprimed Stokes vector (22) via
s′ = exp[i(Σˆ ·w)Φ]s. (26)
This is explained in terms of their transverse components s′⊥ = s
′
1u
′+s′2v
′ and s⊥ = s1u+s2v
as follows. As is well known, the Pauli matrices (12) satisfy the SU(2) algebra,[ σˆi
2
,
σˆj
2
]
= i
∑
k
εijk
σˆk
2
, (27)
where εijk is the Levi-Civita´ pseudotensor. In view of this, it follows from Eq. (23) that
each of them, except for a factor 1
2
, is the generator of a SU(2) rotation about the local
Cartesian axes of the NCS. The primed Jones spinor is therefore the result of the rotation of
the unprimed Jones spinor about the momentum by an angle −2Φ as is shown by Eq. (17).
If the transverse axes of the NCS were not rotated, the first two primed Stokes parameters
s′1 and s
′
2 would form a transverse component, s
′′
⊥ = s
′
1u+ s
′
2v, which is equal to the result
of the rotation of s⊥ about the momentum by the same angle. This is what Eqs. (21a)
and (21b) show and is graphically displayed in Fig. 1(a). However, as mentioned above,
the transverse axes u′ and v′ of the primed NCS result from the rotation of the transverse
axes u and v of the unprimed NCS about the momentum by the angle Φ. Along with the
unprimed NCS being rotated to the primed one, the transverse component s′′⊥ is rotated to
s′⊥ as is displayed in Fig. 1(b). As a consequence, s
′
⊥ is equal to the result of the rotation
of s⊥ about the momentum by an angle −Φ. This is just what Eq. (26) means. We are
thus convinced that the Jones spinor (10) in association with one particular SV is defined
over the NCS that is determined exactly by that SV. The Stokes parameters it gives are
quantities with respect to the same NCS, forming the Stokes vector (22). By the way, it
is pointed out that the primed Stokes vector (25) is in general different from the unprimed
one (22) even when I′ = −I.
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FIG. 1. Relation between s′⊥ and s⊥. (a) s
′′
⊥ is the result of the rotation of s⊥ by an angle −2Φ
within the unprimed NCS. (b) s′′⊥ is rotated to s
′
⊥ along with the unprimed NCS being rotated to
the primed NCS by an angle Φ.
C. SV fixes a natural representation for polarization
We are now in a position to discuss how the SV-associated Stokes parameters characterize
the polarization state of light beams. It has been shown that matrix (7) obeys Eq. (9).
With the help of this property, one readily gets a†a = α†α from Eq. (8). Upon substituting
Eq. (10) and considering the arbitrariness of the polarization vector a into account, one
immediately arrives at
̟̟† = I3, (28)
where I3 is the 3-by-3 unit matrix. Equations (9) and (28) indicate that matrix (7) in
association with the SV through Eqs. (13) is a quasi-unitary matrix [37]. ̟† is the Moore-
Penrose pseudo inverse of ̟, and vice versa. This means that the SV fixes a quasi-unitary
transformation between the polarization vector over the LCS and the Jones spinor over the
associated NCS. Specifically, to each polarization vector over the LCS there corresponds
one unique Jones spinor over the NCS that is determined by a SV, and vice versa. In
the language of quantum mechanics, the SV fixes, via Eqs. (7) and (10), a representation
for the polarization. Remarkably, this is a representation that is distinguished from the
laboratory representation in which the state of polarization is represented by the polarization
vector over the LCS. It is a natural representation. The polarization wavefunction in such
a representation is the Jones spinor over the associated NCS. It describes the polarization
state of light beams in such a way that the Stokes parameters it gives through the Pauli
matrices are quantities with respect to that same NCS. In a word, only in a particular
natural representation can the Stokes parameters characterize the polarization state of light
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beams.
More importantly, because matrix (7) is quasi unitary no matter what the SV is, there
are an infinite number of natural representations for the polarization. Each SV will fix a
different natural representation. On one hand, all the natural representations are equivalent
in the sense that a polarization state can be described in any natural representation by a
corresponding wavefunction. The wavefunctions of a polarization state in different natural
representations are not the same as is shown by Eq. (17). As a consequence, according
to Eqs. (21), the Stokes parameters of a polarization state with respect to different NCS’s
are in general not the same, either. The situation encountered here is similar to what is
encountered in Einstein’s theory of special relativity in which the momentum and energy
of a particle depend on the choice of inertial reference frame [28]. On the other hand, it is
seen from Eq. (8) that a Jones spinor in different natural representations describes different
states of polarization. For instance, the polarization state described by the same Jones
spinor α in the primed natural representation will be given by a′ = ̟′α. Upon substituting
Eq. (16) and making use of Eq. (8), one has
a′ = exp[−i(Σˆ ·w)Φ]a. (29)
In this sense, all the natural representations are not equivalent. Let us explain the underlying
reason below.
IV. TWO INDEPENDENT DEGREES OF FREEDOM OF POLARIZATION
As emphasized before, the Jones spinor is not constrained by such conditions as Eq.
(5). It can in principle be a constant function. We know [38, 39] that a constant spinor in
quantum mechanics describes the intrinsic degree of freedom of the electron, the spin. The
operator for the spin in such a representation is the Pauli matrices. With that in mind, we
have reason to believe that a constant Jones spinor in the natural representation describes
such a degree of freedom of a light beam that is represented by the Pauli matrices (12). But
what is unexpected is that it is not a degree of freedom with respect to the LCS. It is a
degree of freedom with respect to the NCS as can be seen from Eq. (24). The term intrinsic
is deemed more appropriate for it. By this it is meant that the polarization of a light beam
is not the same as its intrinsic degree of freedom. To characterize the polarization of a light
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beam with its intrinsic degree of freedom, one has to know how the NCS is related to the
LCS. This is what Eq. (8) implies. In other words, the SV that determines the transverse
axes of the NCS through Eqs. (13) shows up as another degree of freedom to characterize
the polarization of a light beam. In a word, an exact characterization of the polarization of
a light beam needs these two kinds of degrees of freedom. It should be noted, however, that
different from the intrinsic degree of freedom, the SV is a new kind of degree of freedom. It
is not an hermitian operator per se.
From this result it is inferred that a definite value of the intrinsic degree of freedom in
combination with different SV’s will mean different states of polarization. To illustrate this
with examples, we examine in this section the meaning of the eigenvalue of the Pauli matrices
in combination with different SV’s that are perpendicular to the z axis. As a first example,
we consider the Pauli matrix σˆ1, which has eigenfunctions α1+ =
( 1
0
)
and α1− =
( 0
1
)
with eigenvalues σ1+ = +1 and σ1− = −1, respectively. Let us start with the perpendicular
SV along the x axis, denoted by I⊥ = x¯. The transverse axes of the NCS it determines take
the form
u⊥ =
1
C
(
x¯− ρ¯k
2
ρ
k2
cosϕ− z¯ kzkρ
k2
cosϕ
)
, (30a)
v⊥ =
1
C
(
y¯
kz
k
− z¯ kρ
k
sinϕ
)
, (30b)
where y¯ and z¯ are unit vectors along the y and z axes, respectively, ρ¯ stands for the radial
unit vector in cylindrical coordinates, kz = (k
2 − k2ρ)1/2 is the axial component of k, and
C =
(
1 − k2ρ
k2
cos2 ϕ
)1/2
. In this case, the polarization states described by α1+ and α1− are
given by
a⊥1+ = ̟
⊥α1+ = u⊥, a⊥1− = ̟
⊥α1− = v⊥, (31)
respectively, where ̟⊥ = ( u⊥ v⊥ ). They are mutually orthogonal. When the perpendic-
ular SV I⊥ is rotated to I′⊥ = y¯ about the z axis, the transverse axes of the NCS become
u′⊥ =
1
C ′
(
y¯
k2z
k2
+ ϕ¯
k2ρ
k2
cosϕ− z¯ kzkρ
k2
sinϕ
)
,
v′⊥ =
1
C ′
(
− x¯kz
k
+ z¯
kρ
k
cosϕ
)
,
where ϕ¯ stands for the azimuthal unit vector in cylindrical coordinates and C ′ = (1 −
k2ρ
k2
sin2 ϕ)1/2. Now the polarization states described by α1+ and α1− are given by
a′⊥1+ = ̟
′⊥α1+ = u′⊥, a′⊥1− = ̟
′⊥α1− = v′⊥, (32)
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respectively, where ̟′⊥ = ( u′⊥ v′⊥ ). Clearly, the polarization state a′⊥1+ (a
′⊥
1−) is different
from a⊥1+ (a
⊥
1−). In addition, even though I
′⊥ results from the rotation of I⊥ about the z axis,
the polarization vector a′⊥1+ (a
′⊥
1−) cannot be obtained from a
⊥
1+ (a
⊥
1−) by the same rotation.
As a matter of fact, from Eq. (29) it follows that
a′⊥1+ = exp[−i(Σˆ ·w)Φ⊥]a⊥1+, a′⊥1− = exp[−i(Σˆ ·w)Φ⊥]a⊥1−,
where Φ⊥ is the local rotation angle satisfying
̟′⊥ = ̟⊥ exp(−iσˆ3Φ⊥), (33)
in accordance with Eq. (19). Generally speaking, any rotation of I⊥ about the z axis will
change the polarization states (31).
Clearly, whether polarization vectors (31) or polarization vectors (32) have first-order
axial components with respect to kρ/k. If the strength factor e(k) is sharply peaked at
kρ = 0, a paraxial approximation can be made to them when Eqs. (1) and (4) are taken into
consideration. In the zeroth-order approximation in which kρ
k
≈ 0 and kz
k
≈ 1, polarization
vectors (31) reduce to
a⊥1+ ≈ x¯, a⊥1− ≈ y¯.
They will give rise to light beams of homogeneous x and y “polarizations”, respectively. In
the same approximation, polarization vectors (32) reduce to
a′⊥1+ ≈ y¯, a′⊥1− ≈ −x¯.
They will also give rise to homogeneous “polarizations”, but in y and minus x directions,
respectively. It should be pointed out that the polarization vector a′⊥1+ in (32) and the
polarization vector a⊥1− in (31) are different though they tend to the same form y¯ in the
paraxial approximation. The same is true of the relationship between the polarization
vector a′⊥1− in (32) and the polarization vector a
⊥
1+ in (31). From these discussions we are led
to a surprising conclusion that the polarization state of a paraxial beam that is expressed
only by the polarization vector x¯ or y¯ is not yet completely specified. By this it is meant
that the exact meaning of the so-called horizontal or vertical “polarization” in the literature
[4, 9–16] is not clear.
The meaning of the eigenvalue of the Pauli matrix σˆ2 can be discussed similarly. More
interesting is the meaning of the eigenvalue of the Pauli matrix σˆ3 because of correspondence
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(18). The eigenfunction of σˆ3 with eigenvalue σ3 = ±1 assumes ασ3 = 1√2
( 1
iσ3
)
, satisfying
σˆ3ασ3 = σ3ασ3 . (34)
If the perpendicular SV is along the x axis, I⊥ = x¯, the polarization state it describes is
given by
a⊥σ3 = ̟
⊥ασ3 =
1√
2
(u⊥ + iσ3v
⊥), (35)
where u⊥ and v⊥ are the polarization bases (30). When the perpendicular SV I⊥ is rotated
to I′⊥ = y¯ about the z axis, the polarization state it describes becomes
a′⊥σ3 = ̟
′⊥ασ3 =
1√
2
(u′⊥ + iσ3v′⊥). (36)
The same as before, polarization state (36) cannot be the same as polarization state (35).
Moreover, the former cannot be obtained through a rotation of the latter about the z axis.
But on the other hand, it is easy to show with the help of Eqs. (33) and (34) that they are
related to each other by a σ3-dependent phase factor,
a′⊥σ3 = exp(−iσ3Φ⊥)a⊥σ3 . (37)
This result can be understood as follows. Considering Eqs. (9) and (28) into account, one
readily gets from Eq. (18)
Σˆ ·w = ̟σˆ3̟†.
Because this correspondence holds irrespective of the SV in the transformation matrix ̟,
polarization states (35) and (36) are both the eigenstates of Σˆ ·w with the same eigenvalue,
(Σˆ ·w)a⊥σ3 = σ3a⊥σ3 , (Σˆ ·w)a′⊥σ3 = σ3a′⊥σ3 .
In the zeroth-order paraxial approximation, polarization vector (35) reduces to
a⊥σ3 ≈
1√
2
(x¯+ iσ3y¯). (38)
It will give rise to light beams of homogeneous “circular polarization” as can be seen from
Eqs. (1) and (4). In the meanwhile, polarization vector (36) reduces to
a′⊥σ3 ≈
exp(−iσ3 pi2 )√
2
(x¯+ iσ3y¯), (39)
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which will also give rise to light beams of homogeneous “circular polarization”. The parax-
ially approximated polarization vectors (38) and (39) are both the eigenfunctions of Σˆ · z¯
with the same eigenvalue σ3. But as has been shown above, they do not represent the same
polarization state. The pi
2
in the phase factor of expression (39) now conveys the rotation
angle of the perpendicular SV from I⊥ to I′⊥ about the z axis. From these discussions we
are led to a conclusion that the polarization state of a paraxial beam that is expressed only
by the polarization vector 1√
2
(x¯+ iσ3y¯) is not yet completely specified.
V. VECTOR VORTEX BEAMS DO NOT HAVE ANY ENTANGLEMENT
Now we are ready to demonstrate that vector vortex beams are not endowed with any
entanglement. For this purpose, we consider a SV along the minus z direction, denoted by
I‖ = −z¯. The transverse axes of the NCS it determines are given by
u‖ =
kz
k
ρ¯− kρ
k
z¯,
v‖ = ϕ¯.
In this case, the polarization states that are described by α1+ and α1−, the eigenfunctions
of the Pauli matrix σˆ1, are given by
a
‖
1+ = ̟
‖α1+ =
kz
k
ρ¯− kρ
k
z¯, (40a)
a
‖
1− = ̟
‖α1− = ϕ¯, (40b)
respectively, where ̟‖ = ( u‖ v‖ ). It is noted that the polarization vector a
‖
1− has no axial
component whether the paraxial approximation is made or not. Note also that different
from polarization vectors (31) or (32) that are regular on the propagation axis, kρ = 0,
polarization vectors (40) are indeterminate on the propagation axis.
To obtain an explicit expression for vector vortex beams, we consider the following
strength factor,
e(k) = i−1f(kρ) exp(imϕ), (41)
where f(kρ) is any physically allowed function, m is an integer, and the additional factor
i−1 is introduced for later convenience. Substituting Eq. (4) into Eq. (1) and making use
of Eqs. (40) and (41), we find that the electric fields produced by polarization vectors a
‖
1+
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and a
‖
1− are given by
E
‖
1+ =
1
2
im[(Am+1 − Am−1)r¯ − i(Am+1 + Am−1)φ¯+ 2iBmz¯]eimφ, (42a)
E
‖
1− =
1
2
im[(A′m+1 − A′m−1)φ¯+ i(A′m+1 + A′m−1)r¯]eimφ, (42b)
respectively, where
Am(r, z) =
∫ k
0
kz
k
f(kρ)Jm(kρr)e
ikzzkρdkρ,
Bm(r, z) =
∫ k
0
kρ
k
f(kρ)Jm(kρr)e
ikzzkρdkρ,
A′m(r, z) =
∫ k
0
f(kρ)Jm(kρr)e
ikzzkρdkρ,
the identity
exp(iξ cosψ) =
∞∑
m=−∞
imJm(ξ) exp(imψ)
has been used, r, φ, and z are cylindrical coordinates in position space, r¯ and φ¯ are radial
and azimuthal unit vectors, respectively, and Jm is the Bessel function of the first kind. They
are mutually orthogonal vector vortex beams. This shows that the parallel SV I‖ is well
suited to characterize the polarization state of vector vortex beams. It is worth reminding
that, in free space, the principle of duality applies [40]. So vector vortex beam (42a) is a
TM mode and vector vortex beam (42b) a TE mode. When m = 0, Eqs. (42) reduce to the
following “radially and azimuthally polarized” cylindrical-vector beams,
E
‖
1+ = [A1r¯ + iB0z¯], E
‖
1− = A
′
1φ¯,
respectively. Corresponding to the indeterminacy of polarization vectors (40) on the propa-
gation axis, the unit vectors r¯ and φ¯ in the above expressions are also indeterminate on the
propagation axis, r = 0. But meanwhile, the scalar functions before them, A1 and A
′
1, both
vanish on the propagation axis no matter what the function f(kρ) in the strength factor
(41) is. This indicates that there is no problem with the SV-rooted indeterminacy of the
polarization bases (13).
With definite values of the SV and intrinsic degree of freedom, the polarizations of vector
vortex beams (42) do not have any entanglement with other degrees of freedom. Interest-
ingly, Eq. (42b) can be rewritten as
E
‖
1− =
1
2
im+1[A′m+1e
iφ(x¯− iy¯) + A′m−1e−iφ(x¯+ iy¯)]eimφ. (43)
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It is on the basis of such an expression that the TE vortex beam was considered [6, 7] as
entangled between polarization and orbital angular momentum. We are now clear that it is
incorrect to consider the mutually orthogonal unit vectors 1√
2
(x¯+ iy¯) and 1√
2
(x¯− iy¯) as the
polarization bases of the beam (43). After all, the SV of its polarization is parallel, rather
than perpendicular, to the z axis. Moreover, it is not a paraxially approximated beam. The
same discussions apply also to TM vortex beam (42a).
As a matter of fact, apart from having definite states of polarization, vector vortex beams
(42) also both have definite orbital angular momenta in the z direction. To understand
this, it is just mentioned that in any natural representation, the orbital-angular-momentum
operator lˆz = −i ∂∂ϕ is independent of the Pauli matrices, the intrinsic degree of freedom of
the polarization. In view of this, it follows from Eq. (41) that vector vortex beams (42) are
both the eigenstates of lˆz with the same eigenvalue m. Further discussions [41] are beyond
the scope of present paper.
VI. CONCLUSIONS AND REMARKS
In summary, we found that an exact characterization of the polarization state of light
beams needs two different kinds of degrees of freedom. One is the SV that determines
through Eqs. (13) how the transverse axes of the NCS are related to the LCS. From the
point of view of quantum mechanics, it fixes a natural representation for the polarization
in which the wavefunction of the polarization, the Jones spinor (10), is defined over the
associated NCS. The other is their intrinsic degree of freedom with respect to the NCS, which
is represented by the Pauli matrices (12). In other word, the polarization of light beams
conveys how their intrinsic degree of freedom with respect to the NCS behaves in the LCS.
On one hand, all the natural representations are equivalent in the sense that a polarization
state can be described in any natural representation by a corresponding Jones spinor. The
Stokes parameters of a polarization state given by its Jones spinor in a particular natural
representation are quantities with respect to the associated NCS. So the Stokes parameters
alone are not enough to completely characterize the polarization state of light beams. On
the other hand, all the natural representations are not equivalent in the sense that a Jones
spinor in different natural representations does not describe the same polarization state.
As a result, a definite value of the intrinsic degree of freedom with respect to different
17
NCS’s manifests as different states of polarization in the LCS. From this result it follows
that the exact meaning of the so-called horizontal or vertical “polarization” in the paraxial
approximation is unclear. The same is true of the so-called circular “polarization” in the
paraxial approximation. On the basis of these discussions we showed that the representative
vector vortex beams expressed by Eqs. (42) are not entangled in polarization and orbital
angular momentum.
What underlies the presented properties of the polarization of light beams is the constraint
of transversality condition (5). Firstly, it implies that represented by the polarization vector,
the notion of polarization cannot be a single degree of freedom. Secondly, the fact that the
Stokes parameters at each momentum are physical quantities with respect to the NCS at that
momentum is in consistency with the constraint that the polarization vector is orthogonal to
the associated momentum. However, it should be remarked that these properties could not
be formulated within the framework of Maxwell’s classical theory although the transverse
nature of the electric field is correctly expressed by the Maxwell equation (3). This is because
the polarization is ultimately quantized as is explicitly indicated by the SU(2) commutation
relation (27). It is also remarked that the identification of the natural representation may
indicate that the quantization of the polarization is a local phenomenon in momentum space.
The findings pave the way towards genuine quantization of the polarization of light beams.
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